We report the finding of "triply magic" conditions (the magic frequency and magic intensity of optical dipole trap beam plus the magic magnetic field) for the microwave transitions of optically trapped alkali-metal atoms. The differential light shift (DLS) induced by a degenerate two-photon process (TPP) is adopted to compensate the DLS associated with the one-photon process. Thus, the doubly magic conditions for the intensity and frequency of the optical trap beam can be found. Moreover, in a linearly polarized optical dipole trap the DLS decouples from the magnetic field, then the magic condition of magnetic field can be applied independently. Therefore, the "triply magic" conditions can be realized simultaneously. As the result, the inhomogeneous and homogeneous decoherences for the optically trapped atom will be dramatically suppressed, and the coherence time could be extended significantly.
The system of optically trapped cold neutral atoms, especially alkali-metal atoms, is one of the most important testbeds in modern physics. It plays important role in many research fields, like quantum simulation [1] , quantum metrology [3] , quantum information processing [4] , and quantum computation [5] , etc. Most of the applications rely on the coherence between two ground hyperfine states, where the transition frequency lies in the microwave regime. The decoherence comes from the coupling of the atomic states to the optical dipole trap (ODT) beam and the magnetic field. The main decoherence is due to the inhomogeneous dephasing associated with the motion of atom in ODT [6, 7] , in which the fluctuation of the differential light shift (DLS) between the two ground states depends on the kinetic motion of atom and local trap intensity. The typical coherence time T 2 for atoms trapped in a red-detuned ODT is usually on ms level [8] . Compare to the red-detuned ODT, the blue-detuned one has weaker inhomogeneous decoherence [9, 10] . By applying of a series of π-pulses, the inhomogeneous dephasing process can be technically recovered and T 2 can thus be greatly elongated [11, 12] , and the T 2 is finally limited by other weaker homogeneous dephasing factors, like ODT power fluctuation, ODT beam pointing noise, and variation of magnetic field, etc.
To physically suppress both inhomogeneous and homogeneous dephasing factors and enhance T 2 , the "magic" trapping conditions, like magic wavelength, magic polarization, magic intensity, and magic magnetic field, were proposed and investigated [3, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . That means by deliberately arranging the wavelength, polarization, intensity of ODT beam, or the magnetic field, some of the microwave transition would be immune to the fluctuations of trapping beam or magnetic field alone. This single magic condition does help to increase T 2 for the corresponding microwave transition [17, 18, [20] [21] [22] [23] [24] . In order to extend T 2 further the "doubly magic" conditions, where the transition is immune to fluctuations of both the ODT beam and the magnetic field, are preferred. A set of "doubly magic" conditions (the magic wavelength of ODT plus magic magnetic field) were proposed for the multi-photon (m F = −n ↔ m ′ F = n between two ground hyperfine states with n ≥ 2) microwave transitions of cesium by matching the polarization, wavelength, and direction of the ODT beam to the magnetic field [14, 15] . The most recent investigation shows that the "doubly magic" conditions (the magic intensity of ODT plus magic magnetic field) can also be found with bichromatic ODT beams by taking accounts of the hyperpolarizability and the coupling between circularly polarized ODT beam and magnetic field [16] . However, in these two sets of "doubly magic" conditions, either the multi-photon microwave transitions or bichromatic ODT beams are prerequisite and both are not favorite for experiment. Here we propose a method to realize the "triply magic" conditions (the magic frequency and magic intensity of ODT beam plus the magic magnetic field) for the microwave transition (m F = −n ↔ m ′ F = n with n ≥ 0) of the alkali-metal atom with monochromatic ODT beam. In addition, the magic frequency and magic intensity of ODT beam can be found for any microwave transition. When these "triply magic" conditions are met, hundred seconds of T 2 is prospective and feasible under the current capabilities of laser and magnetic field control technologies. The ultimate T 2 is then limited by the Raman scattering of the ODT photon and storage time of the trapped atom.
The general idea of our method is to use the DLS induced by a degenerate two-photon process (TPP) to compensate the DLS associated with the one-photon process (OPP). Both the TPP and OPP are caused by the interaction between the trapped atom and ODT beam. The OPP couples the ground S states with a series of excited P states [see Fig. 1(a) ], and the TPP couples the ground S states with higher excited S or D states via intermediate P states. Under proper two-photon frequency detuning, the DLS of TPP has opposite sign to that of OPP and the doubly magic ODT conditions (magic intensity and magic frequency) can be found. Moreover, in a linearly polarized optical dipole trap the DLS decouples from the magnetic field. Thus, the magic condition of magnetic field can be applied independently.
To specify our method, let's first consider the DLS from OPP. In a generic linearly polarized ODT, due to the very large frequency detuning only one-photon transitions are concerned [see lower part of Fig. 1(a) ]. Thus, no matter the trap frequency is red-detuned or blue-detuned to the atomic transitions |g1(2) ↔ |i , the DLS between two ground hyperfine states,
is always negative due to the negative differential frequency detuning −δ hpf [25] . Here, (1p) in the superscription means one-photon transition, δ hpf is the hyperfine splitting between two ground hyperfine states, Ω 1 = | i|d|g1(2) |E/h is the Rabi frequency of the ODT beam with E the electric strength of trap beam. Therefore, the amount of DLS is proportional to the light intensity and has the same spatial distribution to the ODT. The fluctuations of DLS caused by thermal motion of atom and intensity noise of ODT result in the inhomogeneous and homogeneous dephasings. To supress the fluctuations of DLS, we consider a three-level model that involves an extra higher excited energy level |e [ Fig. 1(a) ]. The state can be any hyperfine state in nS or nD multiplet and the intermediate states will be hyperfine states in nP 1/2,3/2 multiplet for alkali-metal atom. The two-photon frequency detunings for transitions from |g1 and |g2 to excited state |e are ∆ 1 and ∆ 2 = ∆ 1 − δ hpf , respectively. The one-photon detuning from |g2 to intermediate state
. ω ei and ω ig2 are the resonant frequencies for transitions |e ↔ |i and |i ↔ |g2 , respectively. Thus, the effective Rabi frequency for the TPP is Ω TPP =
Ω1Ω2 ∆
with Ω 1 and Ω 2 the one-photon Rabi frequencies which couple lower and higher parts of twophoton transition. The TPP-induced light shifts on |g1 and |g2 are ∆ g1,TPP = 4∆2 . The DLS between |g2 and |g1 associated with TPP is the subtraction, which is
where (2p) in the superscription means TPP. Assume that the ODT has beam intensity I at the trap center, which determines the Rabi frequencies Ω 1 and Ω 2 . For simplicity we write the two DLSs given in Eqs. (1) and (2) and B are the coefficients related to the one-photon frequency detuning and the involved transition dipole moments. The total DLS is then
At the points of
and
the first-order derivation of the total DLS to both ∆ 1 and I vanishes. This means the variance of total DLS depends on fluctuations of ∆ 1 and I only on the secondorder of power. They are magic intensity and magic frequency of the ODT. These two ODT magic conditions plus the independently applied magic condition of magnetic field in a linearly polarized ODT gives the "triply magic" conditions. To illustrate our method, we calculated the total DLS between cesium clock states |6S 1/2 , F = 3, m F = 0 and |6S 1/2 , F = 4, m F = 0 [we denote them as (0,0) hereafter] in an 1079 nm ODT when 7S 1/2 state is taken as the higher excited state. The hyperfine multiplet in 6P 1/2,3/2 are the intermediate states. The dependence of total DLS on the frequency and intensity of ODT is shown in Fig. 1(b) . The frequency is given with the reference of the half distance from 6S to 7S. The DLS of OPP are calculated by taking states nP 1/2,3/2 with principle quantum number n = 6, 7, ...12 into account. There is a clear DLS minimum at ν 0 = ν 6S↔7S /2 + 0.219 GHz and I 0 = 1.11 × 10 8 W/m 2 . The corresponding trap depth is U T = −22.5 µK. The section plots of the DLS versus the ODT frequency and intensity crossing the DLS minimum are shown separately in Fig. 1(c) Table  I .
Next, we make an estimation of the coherence time on these ODT magic conditions. With the current laser control technologies a laser intensity fluctuation of δI/I 0 ≤ ±0.1% and a frequency variance of δν ≤ ±1 MHz can be easily achieved. At the magic point where ν 0 = ν 6S↔7S /2 + 0.219 GHz and I 0 = 1.11 × 10 8 W/m 2 , the correponding coherence times given by the fluctuations of intensity and frequency are T *,I 2 = 1.4 × 10 4 s and T * ,ν 2 = 1.7 × 10 5 s, respectively. Suppose the trapped single cesium atom has a temperature of 1 µK, the coherence time limited by the inhomogeneous effect is then T ′ 2 = 4 s (see the Supplimentary Materials). However, if the temperature could be decreased to 0.1 µK, which is the typical temperature of a Bose-Einstein condensate (BEC), the coherence time limited by the inhomogeneous effect would be extended to T ′ 2 = 400 s. The magic magnetic condition of cesium (0,0) transition given by Breit-Rabi formula is B 0 = 0 Gauss, where the residual coefficient for the second-order derivation of differential Zeeman shift over magnetic field strength is k M = ∂ 2 ∆ Zeeman /∂B 2 | B0 = 854.9 Hz/Gauss 2 . As a result, if the fluctuation of magnetic field around B 0 could be controled with δB ≤ 1 mGauss, the corresponding coherence time of T *,B 2 = 1.2 × 10 3 s would be expected. The overall coherence time under these triply magic conditions is then T 2 = 293 s for atoms with temperature of 0.1 µK.
The ultimate limit for the coherence time is then the Raman-scattering-induced state lifetime T 1 . There are two Raman scatterings in our situation. The first one is the one-photon Raman scattering from 6P states, which can be calculated by the Kramers-Heisenberg formula [26, 27] . For the 1079 magic ODT, it is Γ Hz and the corresponding T (1p) 1 = 2.9 × 10 3 s. The second is the Raman scattering associated with TPP. Here the atom decays to 6P first after scattering a photon from 7S state and then goes back to 6S with a spontaneous decay. Hence, after a two-photon scattering event the atom has small possibility to go back to the same initial state. We use the two-photon scattering rate to estimate the upper bound of the Raman scattering rate. The two-photon scattering rate can be estimated by Γ
, where Γ, Ω TPP , and ∆ 1 are the decay rate of the higher excited state, the effective 2-photon Rabi frequency, and 2-photon frequency detuning, respectively. In the cesium 7S case the two photon scattering rate is Γ = 91 s. These results are listed in Table  I .
Besides the magic conditions at 1079 nm ODT for (0,0), in principle they can also be found for any microwave transitions, such as the often adopted (−1, 1) and (3,4) (listed in Table I ). The magic condition of magnetic field for (−1, 1) is B 0 = 1.39 Gauss and the residual coefficient of the second-order derivation is k M = 801.5 Hz/Gauss 2 . The same level of coherence time for (−1, 1) can be obtained as for clock transition (0,0) with similar control conditions of ODT and magnetic field.
In addition, there are many other states, like 5D 1/2 , 5D 3/2 , 6D 1/2 , 6D 3/2 , 8S 1/2 , 7D 1/2 , 7D 3/2 , etc., which can be used as the higher excited states of TPP for searching the magic conditions of cesium microwave transitions. For the states with higher energy, more intermediate states, such as 7P 1/2,3/2 and 8P 1/2,3/2 , are invovling. The magic conditions of ODT with 5D 1/2 , 5D 3/2 , 7D 1/2 , and 7D 3/2 are also shown in Table I . The states of 6D 3/2 , 6D 5/2 , and 8S 1/2 are absent because of the high 1-and 2-photon scattering rates. We can see that for 5D 3/2 , 5D 5/2 , and 7S 1/2 the trap is negative under the magic conditions, in which the atom is trapped in place with maximum intensity. For the rest, positive potentials with a central minima need to be constructed. The magic conditions for 7S 1/2 , 7D 3/2 , and 7D 5/2 might be most attractive since 1079 nm and 767 nm lasers are easily obtained from a 1079 nm fiber laser and frequency doubling of a 1534 nm fiber laser. Thus, a scalable optical trap system on the discussed "triply magic" conditions is prospective for the related quantum computation or quantum simulation. The coefficients for the second derivation of the DLS over trap beam frequency and intensity are on the same level, so that coherence time over hundreds of second would be possible. The Raman scattering rates for 1-and 2-photon processes are also shown in Table I for comparison.
The trap depth for the magic conditions of some red (negative) traps for cesium in Table I might be too shallow to directly load atoms from a laser-cooled atomic ensemble. To directly load atoms, one needs a deeper trap at the cost of destroying the magic condition. The dilemma can be compromised by using a polychromatic trap beam. Here we consider that the trap beam is phase modulated with a frequency f sb as shown in Fig. 2 . The DLS due to 2-photon [one photon from the carrier and the other from ±1st sidebands, (0th, ±1st)] process are negative while DLS for other combinations [(0th,0th) and (−1st,+1st)] are still positive. The overall effect is that the coefficient B in Eq. (5) will be reduced while A keeps the same. Thus, the magic condition of the intensity will be valid again in a deeper trap. Table II summarizes the modified magic conditions for clock states (0,0) of cesium. This GHz modulation can be easily achieved by TABLE I. Magic conditions of ODT beam for cesium by 2-photon coupling to a higher energy level. GS means ground states with (m,n) representing (|6S 1/2 , F = 3, mF = m , |6S 1/2 , F = 4, mF = n ). ES means the TPP excited state. λ, ∆ν0 = ν − ν fine /2, and I0 are the wavelength, relative frequency, and intensity of the trap beam at the magic point. UT is the trap potential. fiber-based electro-optic modulators. The main expenses for these the magic conditions are the higher 1-and 2-photon scattering rates.
In this letter we have presented a method to dramatically suppress both the inhomogeneous and homogeneous decoherences for the microwave transition of optically trapped alkali-metal atoms by using a linear-polarized light beam. The magic conditions for both the intensity and frequency of the ODT beam can be realized by arranging the specific wavelength of trap light field to couple the ground states with higher excited energy levels through a TPP process. In addition, by using the linear polarized beam the magic condition of optical trap is decoupled from the magnetic field, and the magic condition of magnetic field can be applied independently. Thus, the "triply magic" conditions for the alkali-metal metal micro-wave transition can be achieved. The coherence time would be extended significantly by applying the magic conditions under current control technologies of laser, magnetic field, and temperature of atom. Besides the results of cesium we have shown, the magic conditions can also be found for other atomic species, like rubidium (see SM).
This work was supported by the National Key Research and Development Program of China (Grant No. 2017YFA0304502), the National Natural Science Foundation of China (Grant No. 11634008, 11674203, 11574187, and 61227902) The ac Stark energy shift of ground state |g = |J g , F g , m g due to one-photon coupling to the excited states |i = |J i , F i , m i by a linear polarized light field E(t) = E 0 cos(ωt) can be calculated by perturbation theory to the first order and the result is [30]
where H is the interaction Hamiltonian. E i , E g andhω are the energies of states |i , |g and the photon, respectively. The two terms in the parenthesis are rotating and counter-rotaing terms. The interaction Hamiltonian can be expressed as H = −dE 0 /2 in the rotating frame of the light field, andd = −er is the electric dipole operator. By using the one photon Rabi frequency Ω i = E 0 i|d|g /h with i|d|g the transition dipole moment, the energy shift can be expressed as
When higher excited state |e = |J e F e m e and a two-photon process coupling |g and |e via |i are taken into account, the two-photon ac Stark energy shift of ground state is then
where ∆ e = (E e − E g )/h − 2ω is the two photon frequency detuning and Ω TPP,e is the effective Rabi frequency of the TPP. Here we have omitted the counter rotating wave term due to ∆ e ≪ (E e − E g )/2h. If ∆ e ≫ Ω TPP,e Eq. S3 can be approximated by
The Rabi frequency of the TPP can be calculated by the purturbation theory to the second order [30] and it gives
where H 1 and H 2 are the Hamiltonians which describe the dipole interactions between the atom and two light fields in the generic TPP. ω 1 and ω 2 are the frequencies of these two light fields. In our model, the two light fields are from same light beam, thus H 1 = H 2 = −dE 0 /2 and ω 1 = ω 2 = ω. Therefore, after substituting single photon Rabi frequencies Ω i,1 = E 0 i|d|g /h and Ω i,2 = E 0 e|d|i /h into Eq. (S5), the effective Rabi frequency of the TPP can be calculated through 
/h is the single photon detuning between light field and lower part of one photon transition in TPP. The transition dipole moment can be calculated by the 3j-symbol, 6j-symbol and a reduced dipole matrix element between two fine states:
where l and j can be g, i, and e regarding of the transition. J l,j , F l,j , and m l,j are the orbital, hyperfine, and magnetic quantum numbers of two atomic states. I is the nuclear spin, and p is the polarization of the light field. In our case we used only linear polarized light field, hence p = 0. L j ||d||L l is the reduced dipole matrix between fine states |L l and |L j . The DLS between two ground states is the subtraction of the ac Stark shifts. In order to calculate the one-photon ac Stark shifts of cesium ground states, |nP 1/2,3/2 with n from 6 to 14 are taking into account. Due to the relatively small two-photon frequency detuning, the calculation of two-photon ac Stark shifts only needs to consider the corresponding hyperfine structure of higher energy level. All the adopted hyperfine states, the transition wavelengthes, and reduced dipole matrix elements are shown in Tables III and IV. Same procedures are taken for the evaluation of magic conditions for rubidium ( 87 Rb and 85 Rb) microwave transitions. In the calculation of one-photon ac Stark shifts for rubidium ground states |nP 1/2,3/2 , the principal quantum numbers n from 5 to 13 are taken into account. The hyperfine states, the transition wavelengthes, and reduced dipole matrix elements used for calculation of magic conditions are shown in Tables V and VI. TABLE IV. The wavelengthes (λ) and the related reduced matrixes elements (D) adopted for the calculation of magic conditions for cesium microwave transition. The wavelengthes are calculated by the energies shown in Table III 32667.63
THE TRIPLY MAGIC CONDITIONS FOR RUBIDIUM
The ODT magic conditions for rubidium can also be found through the same procedures as cesium, and the results are shown in Table VII . Here we only show the magic conditions with 4D 3/2 , 4D 5/2 , 6S 1/2 , 4D 3/2 , and 4D 5/2 as the TPP excited states. Others are not given due to the high Raman scattering rates and very short trapping wavelength. The magic conditions with 4D 3/2 , 4D 5/2 as the TPP excited states are obtained by ODT wavelength around 1033 nm. Although fiber lasers are easy to match this wavelength, the trapping depth is too shallow to effectively trap the laser cooled rubidium atoms. The magic conditions with 6S 1/2 give a deeper trap depth for 87 Rb, and it can trap atoms with temperature on hundreds of nK. However, the trap depth for 85 Rb is still too shallow in this case. The positive magic trap with 4D 3/2 and 4D 5/2 as the TPP excited states would be more attractive because of the arbitrarily high trap barrier. Similar to cesium, the magic conditions can be found for almost all the microwave transitions, and we show the magic conditions for three favorable transitions of (0,0), (−1,1) and (1,2) for 87 Rb in Table VII . The magic magnetic field for (0,0) is B 0 = 0 Gauss for both 87 Rb and 85 Rb. The corresponding residual second order coefficients are k M = 1150 Hz/Gauss 2 and k M = 2590 Hz/Gauss 2 , respectively. The magic condition of magnetic field for (−1,1) is B 0 = 3.23(1.21) Gauss and k M = 862.7(2302) Hz/Gauss 2 for 87(85) Rb. With the same experimental enviroment as that we have considered for cesium case, around 100 s coherence time for rubidium is feasible.
To increase the trap depth for the magic conditions of the red (negative) traps shown in Table VII , a frequency modulated polychromatic ODT beam is suggested in the main text. The corresponding magic conditions of ODT beam for rubidium by using a frequency modulated polychromatic ODT beam are given in Table VIII . In this section we will introduce the procedure to estimate the coherence time due to inhomogeneous dephasing due to the movement of atom in the trap. The method is followed the procedure in reference [7] .
A hot atom in the dipole trap has totoal energy of E = E kin + U , in which E kin is the kinetic energy and U is the potential energy. The probability density of total energy E obeys a three-dimensional Boltzmann distribution
where k B is the Boltzmann constant and T is the temperature of the atoms. The average potential energy of the atom is half of the total enegy, U avg = E/2. In a magic trap discussed in the main text of our paper, the first-order dependence of the total differential light shift on light intensity is cancelled and only the second-order dependence is concerned. Since the trapping potential of an ODT is proportional to the light field intensity, the total differential light shift also depends on the average potential energy to the second order, which can be expressed as
where δ 0 is the differential light shift under the magic conditions and k E is the corresponding second-order coefficient. k E is connected to the residual second-order coefficients of the total DLS over intensity k I by
where I 0 is the magic power and U T is the corresponding trap potential. For simplicity we difine a constant
By using the three dimensional Boltzmann distribution Eq. (S8), the probability density of DLS can be deduced as p(δ 
So that the Ramsey interference signal is w Ramsey (t) = α(t) cos δ ′′ t + β(t) sin δ ′′ t (S17) and the amplitude of the signal is A(t) = α(t) 2 + β(t) 2 .
The coherence time is defined by the time duration T ′ 2 : when t = T ′ 2 the amplitute of Ramsey interference signal drops to 1/e.
